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How to control the breaking
of integrability 



Topics of the seminar
• The problem of the spectrum

(i) Truncated Hamiltonian approaches
(ii) Semi-classical methods

• Breaking integrability

(iii)   Form Factor Perturbation Theory

(i)    Fragility of the kinks

(i)   Some renowned examples
• The art of integrable models

(ii)   Experimental signatures

• Confinement

(ii)    The touch of supersymmetry
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On a general footing, determining the spectrum of a QFT 
is quite a difficult problem… 









Few methods are usually available to study the 
dynamical spectrum (i.e. bound states) of a QFT













In two dimensions the exact spectrum can be extracted by looking at
the poles of the exact S-matrix, when the system is integrable
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In two dimensions the exact spectrum can be extracted by looking at
the poles of the exact S-matrix, when the system is integrable

(Sine-Gordon model, Ising model in a magnetic field, Yang-Lee model,
Tricritical Ising Model, Potts model, etc.)



A remarkable example: 2d Ising model 
in a magnetic field at T=Tc …



…and its underline E8 structure





eight massive states perturbed away from the 1D QCP.
Despite these inherent difficulties, the observation of the
lowest two E8 states (m1 and m2) at the 1D ferromagnetic
QCP of the quasi-1D magnet CoNb2O6 from inelastic
neutron scattering (INS) measurements provided evidence
of the quantum E8 spectrum [9] and motivated further
materials-based studies on this fascinating phenomenon
[10]. Recently, the quasi-1D Heisenberg-Ising antiferro-
magnetic (AFM) materials, e.g., BaCo2V2O8 (BCVO) and
SrCo2V2O8, have attracted numerous studies with rich
quantum phases and excitations induced by transverse or
longitudinal fields [11–18]. It is desirable to explore
whether this system can host a complete picture of E8

physics. Along this line, excitations up to the fifth E8

particle (m5) have been resolved by a recent terahertz
spectroscopy measurement on BCVO [19].
In this Letter, we report unambiguous identification of

the full E8 spectrum via a combination of NMR and INS
measurements on BCVO with a field along the [010]
direction. We use NMR to accurately locate the 1D QCP
[H1D

c in Fig. 1(b)], then perform the INS measurements to
present the full E8 spectrum for the first time. This result is
highly consistent with both the numerical calculations with
Eq. (1) for the BCVO material and the theoretical analysis
of the essential integrable part of the model, providing an
unambiguous evidence for the existence of the E8 physics.
Furthermore, our study also captures all the multiparticle
modes in the studied energy window. This rare experi-
mental realization of the E8 physics and other coherent
modes suggested by an integrable system provides a solid
experimental test bed for an exploring exotic feature of the
dynamics and the excitations in quantum magnets.

To begin with, BCVO can be described by the
Hamiltonian [13]

H ¼ J
X
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which includes intrachain coupling J, the anisotropic factor
ϵ, and the weak interchain coupling J0, with the spin-1=2
operator Sμn;i (n and i=j are chain and site labels, respec-
tively) and the Landé factor tensor g̃. Detailed parameter
values are described in the Supplemental Material (SM)
[21]. Without the J0 term, the system reduces to decoupled
1D AFM chains which accommodate a QCP [H1D

c in
Fig. 1(b)] of TFIC universality [11,12,31]. Although the
existence of J0 hides the putative 1D QCP deeply inside the
AFM ordered phase, the renaissance of strong 1D quantum
fluctuation provides a finite temperature quantum critical
region which can be detected outside the AFM phase
through NMR experiments. On the other hand, at the
hidden 1D QCP of a TFIC universality basis, the weak J0

interaction provides a longitudinal background perfectly
satisfying all the prerequisites to exhibit exotic E8 excita-
tions [21], with the eight single-particle masses in units of
m1 shown in Fig. 1(c). Note that, due to the screw structure
[Fig. 1(a)], characterized by the g tensor g̃ [13], external
field H along the a axis induces an effective staggered in-
plane field to lower both H1D

c and H3D
c significantly.

We first determined the location of the putative 1D QCP
via carrying out 51V NMR measurements on BCVO with

(a) (b) (c)

FIG. 1. BaCo2V2O8 in a transverse magnetic field. (a) The
crystal structure of BaCo2V2O8. Co (O) is labeled by blue (red)
spheres. Note that the apical Co-O bond are tilted ∼5° from the
c axis [20]. (b) Schematic phase diagram of BCVO in trans-
verse field. Brown circles represent TN determined by 1=T1

[see Fig. 2(a),(b)], with a 3D QCP at H3D
C ¼ 10.4' 0.1 T and a

putative 1D QCP at H1D
C ¼ 4.7' 0.3 T. Blue ribbon area

covers the location of emergent exotic E8 phase. (c) An
illustration of E8 single particle masses mi (i ¼ 1; 2;…; 8)
along the energy axis (see also Tab. S1 in [21]). The digits label
the energy in units of m1.

(a) (b)

FIG. 2. 1D QCP of TFIC universality identified by NMR
measurements with field along the [010] direction. (a) The spin-
lattice relaxation rate 1=T1 as functions of temperatures measured
under different in-plane fields. Down arrows point at the peaked
position in 1=T1, which determine the TN . (b) The 1D gap Δ
obtained by fitting 1=T1 (see text) with temperature from 6 to
12 K. The solid line is a linear fit to ΔðHÞ, which gives the gap
closing field of 4.7' 0.3 T as the 1D QCP. Inset: An enlarged
view of the data in the low-temperature, paramagnetic regime in
the log-log scale, with a straight guide line 1=T1 ∼ T−0.75.
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Spin-chain material
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124 transverse field scanning from 3 to 12 T. The spin-lattice
125 relaxation rate 1=T1 with temperature at various transverse
126 field values are shown in Fig. 2(a). Below 15 K, 1=T1

127 exhibits a strong field dependence consistent with the onset
128 of 1D critical magnetic correlations. At low fields, the
129 magnetic transitions are clearly evidenced by a peaked
130 feature in the 1=T1 with strong low-energy spin fluctuations
131 when magnetic ordering occurs. A sharp drop of 1=T1 is
132 followed below Néel temperature TN , dominated by the
133 spin-wave excitations. The TN at each field is then
134 determined from the drop and displayed in the phase
135 diagram of Fig. 1(b), consistent with results from other
136 measurements, e.g., magnetic susceptibility [13].
137 In the vicinity of the 1D QCP, the 1=T1 of the para-
138 magnetic phase at high-temperature follows an analytical
139 form of 1=T1 ∼ T−0.75e−Δ=KBT , where Δ is the gap value

140[1,32]. From 6 to 12 K, 1=T1 follows the power-law form at
1415 T and deviates from it at other fields, hence, a 1D QCP
142(H1D

C ) is suggested at about 5 T [see Fig. 2(b) inset]. To
143better resolve the H1D

C , we fit the gap Δ and find it follows
144ΔðHÞ ¼ 1.62gxxμBðH −H1D

C Þ with field, where H1D
C ¼

1454.7$ 0.3 T [Fig. 2(b)]. The linearly vanishing gap and
146the scaling exponent 0.75 near 5 T demonstrate a 1D QCP
147of TFIC universality in the relaxation rate [1]. As demon-
148strated in the inset of Fig. 2(b), 1=T1 ∼ T−0.75 is at field near
1495 T, and the spin dynamics at the 1D QCP is characterized.
150Since the 1D QCP hides in the 3D ordering dome, the
151competition between this 1D quantum criticality and the
152ordered background results in interesting excitation. We
153then performed INS to measure the dynamical structure
154factor (DSF) of BCVO under the transverse magnetic field.
155Figure 3(a) shows many distinctive peaks in the constant-Q

F3:1 FIG. 3. E8 excitation spectrum near the 1D QCP. (a) (Zone center) INS Intensity at Q ¼ ð002Þ in BCVO at the vicinity of the 1D QCP
F3:2 with H ¼ 4.7 T at 0.4 K. Blue diamonds with error bars correspond to experimental data and black lines are the fit to the Gaussian
F3:3 functions. The red vertical lines at eight peaks correspond to the eight single E8 particles. Other peaks come from multiparticle excitation
F3:4 and zone-folding effect identified by ITEBD method. The peak with mass mi1i2;…;in labels multiparticle channel with particles masses
F3:5 mi1mi2 ;…; min . The colored regions illustrate contributions from zone-folding effect with transfer momentum at q ¼ 0 for regions near
F3:6 the F1 peak and at q ¼ π=2 for regions near the F2 peak. (b) The analytical dynamic structure factor Dxx calculated from quantum E8

F3:7 integrable field theory [21]. Red curve stands for single-particle spectra, while black curve is obtained after including multiparticle
F3:8 contributions. In accord with the experiment,m1 is set as 1.2 meVand the analytical data are broadened in a Lorentzian fashion with full-
F3:9 width at half-maximum fixed at 0.08m1. (c) Neutron scattering intensity from ITEBD calculations at the zone center. The black and blue

F3:10 curves are results with and without zone-folding effect. DSF spectra for individual scattering channel: (d) single-, (e) two-, (f) three-, and
F3:11 (g) four-particle contributions to the Dxx. ijkl refer to excitations with combined mass modes of mimjmkml.
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Integrable vs NonIntegrable QFT

S

Elastic process

S

Production processes



Analytic structure of the S-matrix

s

…

Integrable QFTNon-Integrable QFT







• Can we determine the number of stable
scalar particles around each vacuum?

• Can we compute the elastic part of  the 
S-matrix of the kinks below threshold?

• What is the decay rate of 
the resonances? 

• What is the value of their mass? 

• How much stable are the kinks?! 



Caution

Ordinary Perturbation Theory may give wrong answer

• Sine-Gordon model

It seems that there is always a scalar excitation on each vacuum

But, from the exact solution of the model, there are actually none if 
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Although not exactly solvable, a big deal
of information can be also extracted when 
the systems are 

non-integrable



• Truncated Conformal Space Approach

• Semi-classical method

• Form-Factor Perturbation Theory

(Quite an efficient numerical method, different from Montecarlo)

(It works particularly well in presence of kink excitations)

(Well suited for studying the breaking of integrable models
and the evolution of their spectrum)



QFT as RG Flows



Truncated Conformal Space Approach

Matrix elements on the conformal states
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(Yurov, Al. Zamolodchikov;
GM, Konik, Takacs, Rychkov…)
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Behavior of the eigenvalues
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Role of the boundary conditions

• Kink state exist only with 
anti-periodic or twisted b.c.



Role of the boundary conditions

• Only kink-antikink states
are present with periodic b.c.



Integrable –non integrable signatures

E

R

Integrable
case

Non-integrable
case



Integrable vs non-integrable



Such aspects have been analysed in deformed CFT 
(Brandino, Konik, GM)

H = HCFT + (T � Tc)

Z
✏(x) dxH = HCFT + h

Z
�(x) dx





Semi-classical methods
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Where U(Φ) has a set of degenerate vacua, e.g.



Semi-classical methods

L = 1
2
∂µΦ( )

2
−U(Φ)

Where U(Φ) has a set of degenerate vacua

(i) Sine-Gordon

(ii) Broken phase of Φ4 theory

, e.g.

(iii) Multi-frequency Sine-Gordon
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The method works equally well also in presence of fermions
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Basic excitations: kinks and anti-kinks
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Q-topological sector
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The classical kink configurations are obtained by integrating
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Semi-classical data

Mcl =

8
<

:

8m
�2 SG

2
p
2

3
m3

� �4

�

x

Ecl

x



Mass of the kinks: rule of thumb and BPS
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Bosonic Kink Form Factor

The semi-classical two-particle matrix element of the fundamental 
field among kink states is simply the Fourier transform of the 
classical solution

)()( aeadF cl
aiMcl Φ= ∫ θθ

(Goldstone-Jackiw, GM)
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Its proof is simple

• Heisenberg equation of motion
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Its proof is simple

• Heisenberg equation of motion

• Extract the (x,t) dependence and use 
the rapidity difference to define 
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• Right hand side (semi-classically) is saturated
by the lowest intermediate states

• Left hand side

• Hence f(a) satisfies the same differential equation 
satisfied by the classical kink solution
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Semi-classical Form Factor of other bosonic operators
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Bound states

The semi-classical expression of the Form Factors permits 
to easily obtain the bound states of the theory

(GM)



Bound states

To this aim, consider the poles of the crossed channel FF

(GM)
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If the resonance angle is within the physical strip, 
the masses of the bound states are
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Poles in its Fourier transform
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Most general expression of semiclassical Form Factors
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The poles are fixed. The information on the operator G
enters only in the coefficients  gn



Universal Mass Formulas

Mass of the bound states
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However, not all of them are necessarily stable!

Conclusion: in a non-integrable QFT the number of 
stable particles around each vacuum can be at most 2

mk > 2m1

k = 3, 4, 5, . . .

⇠/2
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Asymmetric wells
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Poles and bound states
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Truncated Conformal Space Approach
Lassig, GM, Cardy;
Colomo, GM, Coser…







Close to Integrability



Form Factor Perturbation Theory
(Delfino, Simonetti, GM;
Delfino, GM;
Controzzi, GM,…)

A = Aint + g
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Form Factor Perturbation Theory
(Delfino, Simonetti, GM;
Delfino, GM;
Controzzi, GM;…)
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Particularly interesting is the case when we can interchange 
the pattern of integrability breaking 

L = 1
2
∂µΦ( )2 + γ cosβ Φ +ηcosωΦ

Aint

Aint



Multi-frequency Sine-Gordon (Delfino, GM)

O(3) sigma model with theta term (Controzzi, GM)

Tricritical Ising model  with several couplings (Fioravanti,Simon,GM)

Models analyzed by Form Factor Perturbation Theory

Tricks to obtain an infinite number of identities between FF

SUSY with metastable vacuum state (GM)



Main advantages of Form Factor Perturbation Theory

• It gives reason of the confinement of the particles, 
relating it to the semi-local property of the 
perturbing operator

• When the operator is local, the first order correctly captures 
the perturbed values  (as shown, for instance, by comparison 
with  numerical simulation)

Main disadvantages

• Quite difficult to go to higher orders

Tricks: universal ratios



Processes analyzed hereafter: 

o Decay processes of unstable (higher mass) particles

o Mass corrections and kink confinement



Mass correction
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Mass correction
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ϕ

R ≡ −i resβ=iπ F2
φ (β) = 1− e2πiγ( ) < 0 |φ | 0>

• If φ(x) is a non-local field (γ≠0), R ≠ 0: CONFINEMENT

• If φ(x) is a local field (γ=0), R = 0: ADIABATIC SHIFT 

)()(||)( 2
2 πβϕβδ ϕ iFgAAgm =><≅

Mass correction



Decay process of higher mass particles

2
21

2

)()(|)0(|
||2

pmpmM
pM

g
−≈Γ ϕ

(Fermi Golden Rule)

|p| =
p

[M2 � (m1 �m2)2] [M2 � (m1 + m2)2]

(Delfino, Grinza, GM)



Ising Field Theory

Scaling limit of 2-d Ising Model in a magnetic 
field and away from the critical temperature            

(Delfino, Simonetti, GM)

(Fonseca, Zamolodchikov)

(Grinza, Delfino, GM)

<latexit sha1_base64="S9S7T6+4fFuBn6DNtom/xUowq1Y="></latexit>

A = ACFT + (T � Tc)

Z
d2x ✏(x) + h

Z
d2x�

<latexit sha1_base64="GDhESTNP2Gm24y0Y3BZtIRCw5ZQ=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSLUS0i0rXorevFY0X5AG8pmu2mXbjZhdyOW0J/gxYMiXv1F3vw3btoKKvpg4PHeDDPz/JgzpR3nw1pYXFpeWc2t5dc3Nre2Czu7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o8vMb91RqVgkbvU4pl6IB4IFjGBtpJvS/VGvUHTs8wwnaEaqGXHKruNWkGs7UxRhjnqv8N7tRyQJqdCEY6U6rhNrL8VSM8LpJN9NFI0xGeEB7RgqcEiVl05PnaBDo/RREElTQqOp+n0ixaFS49A3nSHWQ/Xby8S/vE6igzMvZSJONBVktihIONIRyv5GfSYp0XxsCCaSmVsRGWKJiTbp5E0IX5+i/0nz2HarduW6XKxdzOPIwT4cQAlcOIUaXEEdGkBgAA/wBM8Wtx6tF+t11rpgzWf24Aest09G2Y3T</latexit>

(x)



CFT

Parameter of the Model

<latexit sha1_base64="IRQ4umNG0882fFyeYMrZD1t39EM=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBahHgyJtlVvRS8eK/RL2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZ50ecKe04H1ZmaXlldS27ntvY3Nreye/uNVUYS0IbJOShbPtYUc4C2tBMc9qOJMXC57Tlj69Tv3VPpWJhUNeTiHoCDwM2YARrI90V6+gE1XvkuJcvOPZlijM0J5WUOCXXccvItZ0ZCrBArZd/7/ZDEgsaaMKxUh3XibSXYKkZ4XSa68aKRpiM8ZB2DA2woMpLZgdP0ZFR+mgQSlOBRjP1+0SChVIT4ZtOgfVI/fZS8S+vE+vBhZewIIo1Dch80SDmSIco/R71maRE84khmEhmbkVkhCUm2mSUMyF8fYr+J81T263Y5dtSoXq1iCMLB3AIRXDhHKpwAzVoAAEBD/AEz5a0Hq0X63XemrEWM/vwA9bbJz+Sj24=</latexit>

(T � Tc)

<latexit sha1_base64="BHHALns3P7D0oysP/ZhnMBgkP6Q=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadnVJOot6MVjAuYByRJmJ73J6OyDmVkhhHyBFw+KePWTvPk3ziYRVLSgoajqprvLTwRX2nE+rNzS8srqWn69sLG5tb1T3N1rqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/7dVea371EqHkc3epygF9JhxAPOqDZSY9Qvlhz7IsMpmZNqRpyy67gV4trODCVYoN4vvvcGMUtDjDQTVKmu6yTam1CpORM4LfRShQlld3SIXUMjGqLyJrNDp+TIKAMSxNJUpMlM/T4xoaFS49A3nSHVI/Xby8S/vG6qg3NvwqMk1Rix+aIgFUTHJPuaDLhEpsXYEMokN7cSNqKSMm2yKZgQvj4l/5PWie1W7UqjXKpdLuLIwwEcwjG4cAY1uIY6NIEBwgM8wbN1az1aL9brvDVnLWb24Qest09pNI1e</latexit>

h

labels the RG trajectories
<latexit sha1_base64="eP9uP5t3nF5nAWsydpxRl/+KxaY=">AAACBXicdVDLSsNAFJ3UV62vqEtdDBbBhdZE21oXQtGNywr2AU0sk+mkGTp5MDMRStqNG3/FjQtF3PoP7vwbJ20FFT1w4XDOvdx7jxMxKqRhfGiZmdm5+YXsYm5peWV1TV/faIgw5pjUcchC3nKQIIwGpC6pZKQVcYJ8h5Gm079I/eYt4YKGwbUcRMT2US+gLsVIKqmjb1vYo/AMWhLF0NqHQ+jB4U1yUDk0S6OOnjcKpymO4YSUU2IUTcMsQbNgjJEHU9Q6+rvVDXHsk0BihoRom0Yk7QRxSTEjo5wVCxIh3Ec90lY0QD4RdjL+YgR3ldKFbshVBRKO1e8TCfKFGPiO6vSR9MRvLxX/8tqxdCt2QoMoliTAk0VuzKAMYRoJ7FJOsGQDRRDmVN0KsYc4wlIFl1MhfH0K/yeNo4JZLpSuivnq+TSOLNgCO2APmOAEVMElqIE6wOAOPIAn8Kzda4/ai/Y6ac1o05lN8APa2ydjuZag</latexit>

� = ⌧ |h|�8/15



CFT

Out[ ] =

Out[ ] =

Out[ ] =

Out[ ] =

Out[ ] =

<latexit sha1_base64="IRQ4umNG0882fFyeYMrZD1t39EM=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBahHgyJtlVvRS8eK/RL2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZ50ecKe04H1ZmaXlldS27ntvY3Nreye/uNVUYS0IbJOShbPtYUc4C2tBMc9qOJMXC57Tlj69Tv3VPpWJhUNeTiHoCDwM2YARrI90V6+gE1XvkuJcvOPZlijM0J5WUOCXXccvItZ0ZCrBArZd/7/ZDEgsaaMKxUh3XibSXYKkZ4XSa68aKRpiM8ZB2DA2woMpLZgdP0ZFR+mgQSlOBRjP1+0SChVIT4ZtOgfVI/fZS8S+vE+vBhZewIIo1Dch80SDmSIco/R71maRE84khmEhmbkVkhCUm2mSUMyF8fYr+J81T263Y5dtSoXq1iCMLB3AIRXDhHKpwAzVoAAEBD/AEz5a0Hq0X63XemrEWM/vwA9bbJz+Sj24=</latexit>

(T � Tc)

<latexit sha1_base64="BHHALns3P7D0oysP/ZhnMBgkP6Q=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadnVJOot6MVjAuYByRJmJ73J6OyDmVkhhHyBFw+KePWTvPk3ziYRVLSgoajqprvLTwRX2nE+rNzS8srqWn69sLG5tb1T3N1rqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/7dVea371EqHkc3epygF9JhxAPOqDZSY9Qvlhz7IsMpmZNqRpyy67gV4trODCVYoN4vvvcGMUtDjDQTVKmu6yTam1CpORM4LfRShQlld3SIXUMjGqLyJrNDp+TIKAMSxNJUpMlM/T4xoaFS49A3nSHVI/Xby8S/vG6qg3NvwqMk1Rix+aIgFUTHJPuaDLhEpsXYEMokN7cSNqKSMm2yKZgQvj4l/5PWie1W7UqjXKpdLuLIwwEcwjG4cAY1uIY6NIEBwgM8wbN1az1aL9brvDVnLWb24Qest09pNI1e</latexit>

h



Particular (integrable) points

h=0 Massive free Majorana fermion

T=Tc Massive theory with 8 particles

CFT
<latexit sha1_base64="IRQ4umNG0882fFyeYMrZD1t39EM=">AAAB8HicdVBNS8NAEJ3Ur1q/qh69LBahHgyJtlVvRS8eK/RL2lA22227dDcJuxuhhP4KLx4U8erP8ea/cdNWUNEHA4/3ZpiZ50ecKe04H1ZmaXlldS27ntvY3Nreye/uNVUYS0IbJOShbPtYUc4C2tBMc9qOJMXC57Tlj69Tv3VPpWJhUNeTiHoCDwM2YARrI90V6+gE1XvkuJcvOPZlijM0J5WUOCXXccvItZ0ZCrBArZd/7/ZDEgsaaMKxUh3XibSXYKkZ4XSa68aKRpiM8ZB2DA2woMpLZgdP0ZFR+mgQSlOBRjP1+0SChVIT4ZtOgfVI/fZS8S+vE+vBhZewIIo1Dch80SDmSIco/R71maRE84khmEhmbkVkhCUm2mSUMyF8fYr+J81T263Y5dtSoXq1iCMLB3AIRXDhHKpwAzVoAAEBD/AEz5a0Hq0X63XemrEWM/vwA9bbJz+Sj24=</latexit>

(T � Tc)

<latexit sha1_base64="BHHALns3P7D0oysP/ZhnMBgkP6Q=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadnVJOot6MVjAuYByRJmJ73J6OyDmVkhhHyBFw+KePWTvPk3ziYRVLSgoajqprvLTwRX2nE+rNzS8srqWn69sLG5tb1T3N1rqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/7dVea371EqHkc3epygF9JhxAPOqDZSY9Qvlhz7IsMpmZNqRpyy67gV4trODCVYoN4vvvcGMUtDjDQTVKmu6yTam1CpORM4LfRShQlld3SIXUMjGqLyJrNDp+TIKAMSxNJUpMlM/T4xoaFS49A3nSHVI/Xby8S/vG6qg3NvwqMk1Rix+aIgFUTHJPuaDLhEpsXYEMokN7cSNqKSMm2yKZgQvj4l/5PWie1W7UqjXKpdLuLIwwEcwjG4cAY1uIY6NIEBwgM8wbN1az1aL9brvDVnLWb24Qest09pNI1e</latexit>

h



Mass Spectrum

• h=0 Free neutral fermion

ordinary particle

kink anti-kink

T > Tc

T < Tc



Kinks are confined.  

Out[ ] =

<latexit sha1_base64="SUkrqRtsemM8kTu1iIKY9frtUjY="></latexit>

H =

Z
dx


1

2
(r�)2 + V (�)

�

<latexit sha1_base64="OpLwlmxWh2apGTed5dKUbygjO/Y=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GnpC4phb0EuOUcwCyRB6Oj1Jk56F7h4hDPkDLx4U8eofefNv7CyCij4oeLxXRVU9PxFcaYw/rNza+sbmVn67sLO7t39QPDxqqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uZ77nXsmFY+jOz1NmBeSUcQDTok20m0DDYolbDtl18UYYbtWq7ludUlwxUWOjRcowQrNQfG9P4xpGrJIU0GU6jk40V5GpOZUsFmhnyqWEDohI9YzNCIhU162uHSGzowyREEsTUUaLdTvExkJlZqGvukMiR6r395c/MvrpTq49DIeJalmEV0uClKBdIzmb6Mhl4xqMTWEUMnNrYiOiSRUm3AKJoSvT9H/pF22nQu7elMp1a9WceThBE7hHBxwoQ4NaEILKATwAE/wbE2sR+vFel225qzVzDH8gPX2CYgIjWU=</latexit>

H [ ] <latexit sha1_base64="DUzmuqgNzjv/nDu2+Gf78TTrHWE=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAguJExKa+xCKLpxWcE+sAllMp20QyeTMDMRQuhfuHGhiFv/xp1/4/QhqOiBC4dz7uXee4KEM6UR+rCWlldW19YLG8XNre2d3dLeflvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhq6nfuqVQsFrc6S6gf4aFgISNYG+nuAnqnHhOhzvqlMrKdiusiBJFdr9ddtzYnqOpCx0YzlMECzX7p3RvEJI2o0IRjpXoOSrSfY6kZ4XRS9FJFE0zGeEh7hgocUeXns4sn8NgoAxjG0pTQcKZ+n8hxpFQWBaYzwnqkfntT8S+vl+rw3M+ZSFJNBZkvClMOdQyn78MBk5RonhmCiWTmVkhGWGKiTUhFE8LXp/B/0q7Yzpldu6mWG5eLOArgEByBE+AAFzTANWiCFiBAgAfwBJ4tZT1aL9brvHXJWswcgB+w3j4BTLmQuA==</latexit>= 1



Kink excitations Absent in the perturbed theory

K

In the familiar Ising model…

AT<Tc AT<Tc + h

Z
�(x)dx

h0|�(0)|K(✓1)K(✓2)i = tanh
✓1 � ✓2

2



Kink excitations Absent in the perturbed theory

K

In the familiar Ising model…

AT<Tc AT<Tc + h

Z
�(x)dx

<latexit sha1_base64="klL+lwhIz+oo7KALfjRF6DRxqDk=">AAACCXicdVBNSwMxEM36WetX1aOXYBH0smSLuvYgiIJ4rGBV6NaSTbMammSXZFYoxasX/4oXD4p49R9489+Yfggq+mDg8d4MM/PiTAoLhHx4Y+MTk1PThZni7Nz8wmJpafnMprlhvM5SmZqLmFouheZ1ECD5RWY4VbHk53HnsO+f33BjRapPoZvxpqJXWiSCUXBSq4SjNpdAsbqs4MgKhY82BI4ysbmHI6ET6LZKZeIHlTAkBBO/Wq2G4faQkK0QBz4ZoIxGqLVK71E7ZbniGpik1jYCkkGzRw0IJvltMcotzyjr0CvecFRTxW2zN/jkFq87pY2T1LjSgAfq94keVdZ2Vew6FYVr+9vri395jRyS3WZP6CwHrtlwUZJLDCnux4LbwnAGsusIZUa4WzG7poYycOEVXQhfn+L/yVnFD3b87ZOt8v7BKI4CWkVraAMFKET76BjVUB0xdIce0BN69u69R+/Fex22jnmjmRX0A97bJ3oLmPo=</latexit>

�m2 ⇠ F (i⇡) = 1



Confining potential

Kinks are confined. Spectrum given by kink-antikink bound states of mass given by 

r

r

V(r)

<latexit sha1_base64="nbjuPRDNar0nwIHzNP+83xLlGYo=">AAACB3icbVDLSgMxFM34rPU16lKQYBEqQp2pz2XRjcsK9gHtOGTSTBuaZIYkI5ShOzf+ihsXirj1F9z5N6btLLT1wIWTc+4l954gZlRpx/m25uYXFpeWcyv51bX1jU17a7uuokRiUsMRi2QzQIowKkhNU81IM5YE8YCRRtC/HvmNByIVjcSdHsTE46graEgx0kby7b1iGR7B3n1aPj4ZwnYXcY78/uR5CLlvF5ySMwacJW5GCiBD1be/2p0IJ5wIjRlSquU6sfZSJDXFjAzz7USRGOE+6pKWoQJxorx0fMcQHhilA8NImhIajtXfEyniSg14YDo50j017Y3E/7xWosNLL6UiTjQRePJRmDCoIzgKBXaoJFizgSEIS2p2hbiHJMLaRJc3IbjTJ8+SernknpfObk8LlassjhzYBfugCFxwASrgBlRBDWDwCJ7BK3iznqwX6936mLTOWdnMDvgD6/MH/cGW4Q==</latexit>

(2 + h2/3�2/3
k )m

<latexit sha1_base64="HW0RNlrXNFJ+EBHRyS/C50djtls="></latexit>

J1/3

✓
1

3
�k

◆
+ J�1/3

✓
1

3
�k

◆
= 0

Out[ ] =

<latexit sha1_base64="mVUohMQfMHemduPxqMn5o4+4LkI="></latexit>

H =

Z
dx


1

2
(r�)2 + V (�)

�



0

2 M

4 M

stable

unstable

continuum

densely filled
at η→ -∞

The number of stable particles decreases as η increases, 
until only  one is stable at η→+∞



Namely, the plane is partitioned in sectors, for which there are a 
certain number of stable particles

The particle mk becomes then unstable for  𝜒 > 𝜒k

1

2

3
4

∞

#  particles



Mass spectrum in the vicinity of the Magnetic Axis
with temperature different from the critical value

unstable

(Delfino, Simonetti, GM)

<latexit sha1_base64="JM5WiqfWmZ4fbw8SBQzHDono3LU=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0i0rXqRghePFewHtqFsNpN26WYTdjdCCf0XXjwo4tV/481/46atoKIPBh7vzTAzz084U9pxPqzC0vLK6lpxvbSxubW9U97da6s4lRRaNOax7PpEAWcCWpppDt1EAol8Dh1/fJX7nXuQisXiVk8S8CIyFCxklGgj3fUD4JrgaOAOyhXHvshxiueknhOn6jpuDbu2M0MFLdAclN/7QUzTCISmnCjVc51EexmRmlEO01I/VZAQOiZD6BkqSATKy2YXT/GRUQIcxtKU0Himfp/ISKTUJPJNZ0T0SP32cvEvr5fq8NzLmEhSDYLOF4UpxzrG+fs4YBKo5hNDCJXM3IrpiEhCtQmpZEL4+hT/T9ontlu3azfVSuNyEUcRHaBDdIxcdIYa6Bo1UQtRJNADekLPlrIerRfrdd5asBYz++gHrLdPepqQzw==</latexit>

�m1

<latexit sha1_base64="ixIJRMHEQPdHln0VR6av4qfOgM4=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0i0rXqRghePFewHtqFsNpt26WYTdidCCf0XXjwo4tV/481/46atoKIPBh7vzTAzz08E1+A4H1ZhaXllda24XtrY3NreKe/utXWcKspaNBax6vpEM8ElawEHwbqJYiTyBev446vc79wzpXksb2GSMC8iQ8lDTgkY6a4fMAEER4PxoFxx7Iscp3hO6jlxqq7j1rBrOzNU0ALNQfm9H8Q0jZgEKojWPddJwMuIAk4Fm5b6qWYJoWMyZD1DJYmY9rLZxVN8ZJQAh7EyJQHP1O8TGYm0nkS+6YwIjPRvLxf/8nophOdexmWSApN0vihMBYYY5+/jgCtGQUwMIVRxcyumI6IIBRNSyYTw9Sn+n7RPbLdu126qlcblIo4iOkCH6Bi56Aw10DVqohaiSKIH9ISeLW09Wi/W67y1YC1m9tEPWG+f0oKRCQ==</latexit>

�mk

<latexit sha1_base64="3801Fit0HD0ErdvDlrUIPkWU79Q="></latexit>

�✏0
�m1

= �0.0558m1

<latexit sha1_base64="V+jD8LUJ517tnf+zZiS6iNJNPaU=">AAACEHicdZDLSgMxFIYz9VbrbdSlm2ARXQ2T2ta6UApuXFawF2jLkMlk2tDMhSQjlKGP4MZXceNCEbcu3fk2ZtqKF/SHwMd/zuHk/G7MmVS2/W7kFhaXllfyq4W19Y3NLXN7pyWjRBDaJBGPRMfFknIW0qZiitNOLCgOXE7b7ugiq7dvqJAsCq/VOKb9AA9C5jOClbYc87DnC0zSnke5wjBwSpMvRhN4BqFt1aqo6phF2zrNdAxnUM3ALiMbVSCy7KmKYK6GY771vIgkAQ0V4VjKLrJj1U+xUIxwOin0EkljTEZ4QLsaQxxQ2U+nB03ggXY86EdCv1DBqft9IsWBlOPA1Z0BVkP5u5aZf9W6ifJr/ZSFcaJoSGaL/IRDFcEsHegxQYniYw2YCKb/CskQ64SUzrCgQ/i8FP4PrZKFqlblqlysn8/jyIM9sA+OAAInoA4uQQM0AQG34B48gifjzngwno2XWWvOmM/sgh8yXj8AKOCbXg==</latexit>

�m2

�m1
= 0.8616

<latexit sha1_base64="+w7qhuM3R1tBBvFXF38koRElYNk=">AAACD3icdVDLSsNAFJ3UV62vqEs3g0VxFRL7sC6UghuXFewDmhAmk0k7dPJgZiKU0D9w46+4caGIW7fu/BsnbcUHemDgcM653LnHSxgV0jTftcLC4tLySnG1tLa+sbmlb+90RJxyTNo4ZjHveUgQRiPSllQy0ks4QaHHSNcbXeR+94ZwQePoWo4T4oRoENGAYiSV5OqHdsARzmyfMIlg6FYmX9yawDMILaNmNly9bBqnOSpwRuo5MauWadVUxJyiDOZoufqb7cc4DUkkMUNC9C0zkU6GuKSYkUnJTgVJEB6hAekrGqGQCCeb3jOBB0rxYRBz9SIJp+r3iQyFQoxDTyVDJIfit5eLf3n9VAYNJ6NRkkoS4dmiIGVQxjAvB/qUEyzZWBGEOVV/hXiIVEFSVVhSJXxeCv8nnWPDqhu1q2q5eT6vowj2wD44AhY4AU1wCVqgDTC4BffgETxpd9qD9qy9zKIFbT6zC35Ae/0ApTGbHg==</latexit>

�m3

�m1
= 1.508



c a
b

abcf

Decay channels of higher mass particles

€ 

A5 → A1A1

€ 

t

<latexit sha1_base64="wl4JIwZJdEPq/Nno5NnSbNgzTxo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJWg8hhbWBiLRB9SE0WO67RWHTuyHVAVdWDhV1gYQIiVj2Djb3DbDNBypKt7dM69su8JE0aVdpxva2l5ZXVtvbBR3Nza3tm19/ZbSqQSkyYWTMhOiBRhlJOmppqRTiIJikNG2uHweuK374lUVPA7PUqIH6M+pxHFSBspsEv1oAo9SfsDjaQUD7AeuNA7mbbALjsVZwq4SNyclEGORmB/eT2B05hwjRlSqus6ifYzJDXFjIyLXqpIgvAQ9UnXUI5iovxsesQYHhmlByMhTXENp+rvjQzFSo3i0EzGSA/UvDcR//O6qY4u/YzyJNWE49lDUcqgFnCSCOxRSbBmI0MQltT8FeIBkghrk1vRhODOn7xIWqcV97xydlst167yOAqgBA7BMXDBBaiBG9AATYDBI3gGr+DNerJerHfrYza6ZOU7B+APrM8fac+WBg==</latexit>

A4 ! A1 A1
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Decay widths of higher particles

• Alias, the particle with higher mass lives 4 time longer 
than the one with lower mass!  

• Branching ratios of the decay of A5

47%

53% 
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= 4.287...
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A5 ! A1 A2



We expect their confinement (as the quarks) and
to see just their neutral bound states (“mesons”)
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∂µΦ( )2 + γ cosβ Φ

Fragility of the kink in purely bosonic theories
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2
∂µΦ( )2 + γ cosβ Φ +ηcosωΦ

Fragility of the kink in purely bosonic theories

gone !



ϕ

R ≡ −i resβ=iπ F2
φ (β) = 1− e2πiγ( ) < 0 |φ | 0>

• If φ(x) is a non-local field (γ≠0), R ≠ 0: CONFINEMENT

• If φ(x) is a local field (γ=0), R = 0: ADIABATIC SHIFT 

)()(||)( 2
2 πβϕβδ ϕ iFgAAgm =><≅

Mass correction



Semi-local index of vertex operators in the SG model

βϕλϕ cos)(
2
1 2 −∂=L

αϕcos=O
β
α

γ =

is irrational, no solitons survive• If �

� =
m

n
• If the original soliton confines but “packages” made of 

n original solitons survive as stable excitations   

Res�=i⇡F
O

2 = [1� cos(2⇡�)] h0|O(0)|0i
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While kink excitations are rather fragile objects 
in purely bosonic theory, 

they can be instead stable excitations in
integrability breaking that takes place in 
SUSY theories 

“Fermions stabilize the kinks”



Multi-frequency Super Sine-Gordon
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A = dxdθ
1
4
(D
__
Φ)(DΦ) − cosΦ− λ cos(ωΦ)' 

( ) 
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ω =
p
q

[W '(ϕ )]2 = [sinϕ +λ sin(ωϕ )]2

• For all values of 𝜆 the origin is always a zero, i.e. SUSY exact 

• At lowest order, the vacua of the original potential continue to
remain degenerate.

(GM, JHEP)
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The kinks are stable at weak coupling!



Multi-frequency Super Sine-Gordon
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ω =
p
q

[W '(ϕ )]2 = [sinϕ +λ sin(ωϕ )]2

• For all values of the origin is always a zero, i.e. SUSY exact 
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λ

The kinks are stable at weak coupling!
• At lowest order, the vacua of the original potential continue to
remain degenerate.

€ 

Υ = sinϕ sinωϕ +ωψ
__
ψ cosωϕ
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Re sθ =± iπF
S S
__
Υ (θ) = 1+ cos(πω)[ ] < 0 | Υ | 0 >

Form Factor Perturbation Theory

(GM, JHEP)

= 0 !



What happens at strong coupling?

N(𝛌)= Number of zeros in (0, 2 𝛑 q)

€ 

N(0) = 2q +1

€ 

N(∞) = 2p +1

€ 

ΔN = 2(q − p)
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What happens at strong coupling?

N(𝛌)= Number of zeros in (0, 2 𝛑 q)

€ 

N(0) = 2q +1

€ 

N(∞) = 2p +1

€ 

ΔN = 2(q − p)

• Since the kinks own their existence to the zeros, a variation
of their number implies that some of them should disappear

• For their topological nature, the disappearance of a kink 
signals a phase transition
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When (q-p) = even, there will be a sequence of phase transitions
that will recall the one of Tricritical Ising -> Ising.  

Local SUSY breaking, with meta-stable vacua



When (q-p) = odd, there will be, in addition to a sequence of 
phase transitions TIM ->Ising, also a phase transition that will
will recall the one of the gaussian model.  

In this case, there is a vacuum where SUSY is exact
before and after the phase transition



Gaussian
C=1

TIM
C=7/10

C=3/2

massive



Conclusions and Perspectives

• There is a rather robust knowledge on how to 
control and predict the spectrum in a generic 
2-dim QFT

• In the perspective to explore their experimental 
study, particularly interesting is the pattern 
of kink excitations in multi Sine-Gordon theories

• Equally interesting is the possibility to realize 
experimentally SUSY theories through mixture 
and to check in particular the persistency of 
the kink excitations


