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The non-linear integral equation approach to the spectrum
The thermal form factor series

The non-linear integral equation

⊛ Idea (’91 Klümper , ’92 Destri-DeVega ):
solutions of BAE ⇝ Solutions of constrained Non-Linear Integral Equations

♦ Auxiliary function û:

â(ξ) = e−
1
T û(ξ) = e−

h
T (−1)s

d(ξ | N,T , t)
a(ξ | N,T , t)

N−s∏
k=1

{
sinh(iζ − ξ + λk )

sinh(iζ + ξ − λk )

}

â(λa) = −1 by construction BAE

Alternative characterisation of û ⇝ tool to characterise the thermodynamics

Non-Linear Integral Equation for û set up by residue calculation

û(ξ) = DN(ξ) + iπs − iT
M∑

a=1

θ(ξ − λa)
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Setting up the NLIE
Pick a domain D ⊂ C
{λa }

M
1 ∩D

c = Ŷ = { ŷa }
|Ŷ|

1 Bethe roots outside of D "particles" e−
1
T û(̂ya ) = −1

λ ∈ {λa }
M
1 \ Ŷ Bethe roots inside of D e−

1
T û(λ) = −1

X̂ = { x̂a }
|̂X|

1 non-Bethe roots inside of D "holes" e−
1
T û(̂xa ) = −1

R

iR

•

• −
ℵ

N
− i
ζ

2

ℵ

N
− i
ζ

2

⊛ :particle roots ◦ :hole root ⋆ :inner Bethe root

⊛

⊛

⊛

⊛

⊛

◦

◦

◦
⋆

⋆

⋆

⋆

⋆

⋆

⋆

⋆
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The perse NLIE

⊛ Monodromy condition
∮
∂D

û ′(η)

1 + e
1
T û(η)

·
dη
2iπ

= 0

⊛ Non-linear integral equation

û(ξ | ym , xn) = h − TwN(ξ) + iπs − iTΘ(ξ | ym , xn) +

∮
∂D

θ′(ξ − η) · Ln
[
1 + e−

1
T û

]
(η | ym , xn) ·

dη
2π

♦ Subdominant driving term

Θ(ξ | ym , xn) =
m∑

a=1

θ(ξ − ya) −
n∑

a=1

θ(ξ − xa) , θ(λ) = i ln
(
sinh(iζ + λ)
sinh(iζ − λ)

)
⊛ Auxiliary conditions on Ŷ =

{
ŷa

}m

1
and X̂ =

{
x̂a

}n

1

e−
1
T û( x̂a | ŷm ,̂xn) = −1 e−

1
T û( ŷa | ŷm ,̂xn) = −1

⊛ The â function: â(ξ) = exp
{
− 1

T û(ξ | ŷm , x̂n)
}

F. Göhmann and K. K. Kozlowski Space-like asymptotics of the transverse two-point functions of the XXZ chain at finite temperature



The thermal form factor expansion
The large-m, |t | < cm, analysis at low-T

Conclusion
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Taking the Trotter limit

♦ Easy to take formally the N → +∞ limit

⊛ Pointwise Trotter limit of driving term

h − TwN(ξ) −→
N→+∞

ε0(ξ) = h −
2J sin2(ζ)

sinh(ξ + i ζ2 ) sinh(ξ − i ζ2 )

⊛ Assuming ŷa , x̂a , û ↪→ ya , xa , u, one has the limiting problem

u(ξ | ym , xn) = ε0(ξ) + iπs − iTΘ(ξ | ym , xn) +

∮
∂D

θ′(ξ − η) · Ln
[
1 + e−

1
T u

]
(η | ym , xn) ·

dη
2π

and

e−
1
T u( xa | ym ,xn) = −1 e−

1
T u( ya | ym ,xn) = −1

♦ Can be put on rigorous grounds for low T (’23 Faulmann, Göhmann, K. )
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Structure of solutions
⊛ Control term for N ≫ 1, T ≪ 1 ⇝ dressed energy in the complex plane:

εc(λ) +

∫
Cε

θ′(λ − µ)εc(µ)
dµ
2π

= ε0(λ) ,

Cε =
{
λ : −

π

2
≤ ℑ(λ) ≤ 0 , ℜ[εc(λ)] = 0

}
Theorem ’23 Faulmann, Göhmann, K.

Let 0 < ζ <
π

2
, ∃T0, η such that, for all T0 > T > 0 and η > 1

NT4 , it holds

ℜ[εc( x̂k )] = o(1) with x̂k ∈ D

ℜ[εc( ŷk )] = o(1) with ŷk ∈
{
z : − π2 < ℑ(z) ≤

π
2

}
\ D .

Given integers 0 ≤ p(υ)
1 < . . . < p(υ)

|Y(υ) |
and 0 ≤ h(υ)

1 < . . . < h(υ)

|X(υ) |

there exists a unique solution ( û , X̂ , Ŷ) to the NLIE & auxiliary conditions such that

û ( x̂
(υ)

a | ŷm , x̂n) = ∓ 2iπT(h(υ)
a + 1

2 )

û ( ŷ
(υ)
a | ŷm , x̂n) = ±2iπT(p(υ)

a + 1
2 )

and

X̂ =
⋃
υ∈{L ,R}

{
x̂ (υ)

a

}|X(υ) |
a=1

Ŷ =
⋃
υ∈{L ,R}

{
ŷ (υ)

a

}|Y(υ) |

a=1
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p(R)
3 = 2

p(R)
2 = 1

p(R)
1 = 0

p(L)
1 = 0

h(R)
1 = 0

h(R)
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h(L)
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h(L)
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Thermal form factor series for the transverse correlators

〈
σ−1σ

+
m+1(t)

〉
T

= lim
N→+∞

∑
k≥1

Aσ
−σ+

k · ρm
k (0) · e

−iht
(
ρk (−it/κN)

ρk (it/κN)

) N
2

m&t dependent factors⇝ direct NLIE calculations

ρm
k (0) = −eimP̂(ŵn) −→

N→+∞
−eimP(wn) and e−iht

(
ρk (−it/κN)

ρk (it/κN)

) N
2

= eiÊt (ŵn) −→
N→+∞

eitE(wn)

with ŵn = ( x̂n; ŷn−1) , wn = ( xn; yn−1) and for wn = (xn , yn−1)(
P(wn)
E(wn)

)
=

m∑
a=1

(
p0(ya)
ε0(ya)

)
−

n∑
a=1

(
p0(xa)
ε0(xa)

)
−

∮
Cu

dλ
2iπ

(
p′0(λ)
ε′0(λ)

)
L nCu

[
1 + e−

1
T u

]
(λ | wn) −

(
PD
ED

)

Thermal form factor amplitude ’13-’14 Dugave, Göhmann, K.

Aσ
−σ+

k =
(−1)n Â −+(ŵn)

det
[
DwnΦ(wn)

]
wn=ŵn

Φ(wn) =
(
1 + e−

1
T û(y1 |wn), . . . , 1 + e−

1
T û(yn−1 |wn) , 1 + e

1
T û(x1 |wn), . . . , 1 + e

1
T û(xn |wn)

)
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Thermal form factor series in terms of multiple residues

⊛ Series of multidimensional residues ’17 Göhmann, Karbach, Klümper, K., Suzuki

〈
σ−1σ

+
m+1(t)

〉
T
= lim

N→+∞

∑
n≥1

(−1)n+m

n!(n−1)!

∫
Ĉn

d2n−1w
(2iπ)2n−1

Â −+(w) · e im∆̂(w)

n−1∏
a=1

[
1 + e−

1
T û(ya |w)

]
·

n∏
a=1

[
1 + e

1
T û(xa |w)

] .
⊛ Building blocks

Thermal form factor amplitudes Â −+ ;

Complex phase ∆̂(w) = P̂(w) +
t
m
Ê(w) ;

Ĉn integration manifold "surrounding" the BAE solutions;

Denominator = residue locating factor.
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Thermal form factor series at N → +∞

〈
σ−1σ

+
m+1(t)

〉
T

=
∑
n≥1

(−1)n+m

n!(n − 1)!

∫
Cn

d2n−1w
(2iπ)2n−1

A −+(w) · e im∆(w)

n−1∏
a=1

[
1 + e−

1
T u(ya |w)

]
·

n∏
a=1

[
1 + e

1
T u(xa |w)

] .

⊛ Rectifying map with w = (xn , yn−1)

Ψn(w) =
(
u(y1 | w), . . . , u(yn−1 | w), u(x1 | w), . . . , u(xn | w)

)
⊛ Low-T control Ψn = Ψ

(0)
n + δΨn with

Ψ
(0)
n (w) =

(
εc(y1), . . . , εc(yn−1), εc(x1), . . . , εc(xn)

)
and δΨn = O(T)

⊛ Integration curve Cn = Ψ−1
n

(
Γ2n−1

tot

)
with Γtot = Γ↑ ∪ Γ↓
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The rectified integration curve

b
−i0
+−δ − i0

+
δ − i0

+

−i∞

iR
−

Γ↓

iR
+

b

i0
+−δ + i0

+
δ + i0

+

i∞

Γ↑

1
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Thermal form factor series at N → +∞

〈
σ−1σ

+
m+1(t)

〉
T

=
∑
n≥1

(−1)n+m

n!(n − 1)!

∫
Cn

d2n−1w
(2iπ)2n−1

A −+(w) · e im∆(w)

n−1∏
a=1

[
1 + e−

1
T u(ya |w)

]
·

n∏
a=1

[
1 + e

1
T u(xa |w)

] .
⊛ Amplitude function A −+(w) :

symmetric in respect to xn and yn−1 ;

vanishes on "x" or "y" diagonal: A −+(w)|xa=xb = 0 = A −+(w)|ya=yb .

⊛ Complex valued phase ∆(w) = P(w) +
t
m
E(w) = ∆0(w) + O(T)

∆0(w) =
n−1∑
a=1

{
p(ya) +

t
m
ε(ya)

}
−

n∑
a=1

{
p(xa) +

t
m
ε(xa)

}
⇝ Low-T expansion in terms of dressed energy and momentum.
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Towards the large-m, |t | < cm, analysis
♦ Regime |t | < cm, T -low

∆(w) away of ±iζ/2 controlled by p(λ)

ℑ[p(λ)] > 0 if 0 < ℑ(λ) < π/2 and ℑ[p(λ)] < 0 if − π/2 < ℑ(λ) < 0

Saddle point p′(λ) + t
m ε
′(λ) = 0 away from real axis

”x” and ”y” type curves in T = 0 approximation Cn |T=0 = C n−1
y × C n

x

b

q

b

−q

b

iζ/2

b

−iζ/2

Cy

Cx

1

⊛ Deform y contour to ℑ(λ) > 0 and x contour to ℑ(λ) < 0

⇝ Denominators generate pole contributions
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Towards the large-m, |t | < cm, analysis

⊛ Decompose original contour into "close" and "far" poles contributions

Cn = Ψ−1
n

({
Γ
(M)
↓
∪ Γ

(M)
out;↓ ∪ Γ

(M)
↑
∪ Γ

(M)
out;↑

}2n−1
)

b b b

b

−i0+

−δ − i0+ δ + i0+

−i(M − 0+)

Γ
(M)

↓

b

−i(M + 0+)

Γ
(M)

↓

Γ
(M)

out;↓

bb b

b

−δ + i0+ δ + i0+i0+

i(M − 0+)

b

i(M + 0+)

Γ
(M)

↑

Γ
(M)

out;↑

1

⊛ Compute explicitly all "close" poles contributions
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Towards the large-m, |t | < cm, analysis

〈
σ−1σ

+
m+1(t)

〉
T

=
∑
n≥1

∑
Σn

(υ)
p

=n−1

∑
Σn

(υ)
h

=n

1

n(M)
p ! n(M)

h !

∏
σ=±

(−T)n
(σ)
h

M−1∑
0≤h

(σ)
1 <···<h

(σ)

n
(σ)
h

Tn
(σ)
p

M−1∑
0≤p

(σ)
1 <···<p

(σ)

n
(σ)
p



×

∫
C

n
(M)
p , n

(M)
h

dn
(M)
p y(M)

(2iπ)n
(M)
p

·
dn

(M)
h x(M)

(2iπ)n
(M)
h

det
[
DΨn;out(ϖp,h)

]
det

[
DΨn(ϖp,h)

] · (−1)m+nA −+
(
ϖp,h

)
· e im∆(ϖp,h )

n
(M)
p∏

a=1

[
1 + e−

1
T u(y

(M)
a |ϖp,h )

]
·

n
(M)
h∏

a=1

[
1 + e

1
T u(x

(M)
a |ϖp,h )

]

⊛ Integration involves vectors

ϖp,h =
(
x
(−)

n(−)h

, x
(+)

n(+)
h

, x(M)

n(M)
h

; y
(−)

n(−)p

, y
(+)

n(+)
p

, y(M)

n(M)
p

)t
built out of solutions to partial quantisation conditions

u
(
x
(σ)
a | ϖp,h

)
= −σ2iπT

(
h(σ)

a + 1
2

)
, a = 1, . . . , n(σ)

h

u
(
y
(σ)
a | ϖp,h

)
= σ2iπT

(
p(σ)

a + 1
2

)
, a = 1, . . . , n(σ)

p
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Leading contribution in the low-T regime
⊛ Integrations along C

n(M)
p , n

(M)
h

produces sub-dominant contributions

⊛ Pure pole contributions ↪→ ϖp,h =
(
x
(−)

n(−)h

, x
(+)

n(+)
h

; y
(−)

n(−)p

, y
(+)

n(+)
p

)t
⊛ Low-T complex valued phase expansion

∆(ϖp,h) = (ℓ(−) + ℓ(+) + 1)p(q) + T
[
∆

(1)
0 (ϖp,h) +∆

(2)
0 (ϖp,h)

]
+ O(T2)

in terms of excitation integers

∆
(1)
0 (ϖp,h) =

2iπ
vF

{(
Z(q)(n(−)

h −n(−)
p )−

vF t
2mZ(q)

)2
+

1
4Z2(q)

(
1−

(vF t
m

)2
)
+

∑
σ=±

n(σ)
p n(σ)

h

(
1+σ

vF t
m

)}

∆
(2)
0 (ϖp,h) =

2iπ
vF

∑
σ=±

(
1 + σ

vF t
m

)[n(σ)p∑
a=1

(
p(σ)

a − a + 1
)
+

n(σ)h∑
a=1

(
h(σ)

a − a + 1
)]

⊛ Minimal value of ℑ
[
∆

(1)
0 +∆

(2)
0

]
attained at

n(−)
p = n(+)

p = n(−)
h = 0 , n(+)

h = 1 and h(+)
1 = 0

with value (∆
(1)
0 +∆

(2)
0 )(ϖpmin ,hmin ) =

iπ
2vF Z2(q)
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Leading (m, t)→ ∞ space-like asymptotics with |t | < cm

⊛ Leading (m, t)→ ∞ behaviour for |t | < cm〈
σ−1σ

+
m+1(t)

〉
T

= (−1)mT
A −+(wdom)

u ′(x | wdom)
eim∆(wdom) ·

(
1 + O(m−∞)

)
⊛ Dominant asymptotics parameterised by 1-dimensional vector

wdom =
(
ydom, xdom

)t
with ydom = ∅ , xdom = (x)

⊛
(
x, u(λ | wdom)

)
solve the non-linear system

u(x | wdom) = −iπT , ℜ(x) > 0

u(λ | wdom) = ε0(λ) + iTθ(λ − x) − T
∫

Cu

dµ
2π
θ′(λ − µ)L n

[
1 + e−

1
T u

]
(µ | wdom)

⊛ Correlation length given by effective momentum and energy

∆(wdom) = P(wdom) +
t
m
E(wdom)

⊛ Amplitude given by thermal form factors
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Conclusion and perspectives

Review of the results

" Rigorous understanding of the BAE related NLIE in low-T large-N regime;

" Leading term of the |t | < cm asymptotics.

Further developments

⊛ Understand the whole (m, t)→ ∞ regime at finite T .
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Happy Birthday Fedor
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