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I Hybridclassical
quantumsystemia
M W symplectic manifold the phase space
of the system
We want to have a quantum system on the

top of the classical system

V Until x a ah Assume for simplicity
n t that quantum system
M is finite dimensional

Hermitian structure on each fiber smooth in x

Associate bundle End V

Hermitian str on Vx I
Mstructure on End Vn



A TIM End V the space of smooth sections

S M End V x to see NCSA x

pointwise multiplication
S Sz x S x S2 x

has a structure s x to S x i.e A is

a algebra

Z A CCM I C A I is a section KH Ix

has a natural Poisson structure

Ze 223 w dz Md Zz

A is a module over the subalgebra Z A C A

We want A to be a module over the Poisson

algebra ZCA



22 51523 42,51352 5 22,523

42127253 221,723,53 Zz En 533

R Voronov Weinstein

22 s diz D S

where Dis Dist Ai s the covariant derivative

with respect to a flat connection A E Aida

F dat I ANA O

Def A hybrid quantum system is a Hermitian

vector bundle over Maw with a Hermitian

flat connection on it
Poisson Azumaya algebras



2 Hybridintegrablesystems
is a lift of a classical integrable system to V

Classical integrable system

a Man generic fiber is
Lagrangian

In

b In In ECC Man
sit Ii Ij 3 0 Ii independent

74 Ink In x Bn C IR

het Xlt tn be the result of the multi time
evolution



w d I xx

x t lies in the same level surface of i as X o

We want to lift xlt to Yu i.e we

need special sections

Me in Mn M End V

sit the evolution of a section Y Ms V

Dj 4th Mj Xlt Yt x
X X o

This is why we impose

Pt Mj Xlt Dt Mid HH 0 x

or equivalently



Ii Mj 3 Ij Mi Mi M 7 0

Because te tn are local coordinates on

level surfaces
Mc L x EM I Ii x Ci

4 means Ma Mn is a flat deformation

of the flat connection A on Mc for each c

Back to La

Def A hybridindegrable system connection A

is a deformation of the flat connection ftp
fiber isA on each fiber ti x Fort

Lagrangian



3 Theulationtodeformationguantization

a Ho associative algebra 2 Ao C Ao be its

center

At flat deformation family of A en A A

as a topological vector space

Yi't a Till ab it mila b Oct too

want
i my z z Milz z 47,713 is a Poisson structure

on Z Ao

Lii Iz s is the action of 2 Ao

by derivations on Ao



If we add Ao is finite dimensional over 2ft

fibers are simple

ZCAo has trivial Poisson center

we have a Poisson Azamaya algebra
hybrid quantum system

b Assume we have an integrable system on the

family At i.e It Itn E Ao sit

ICIJ En II 0

If as t so It Ij I it Mj Off

terms of order t give
Ii Mj 3 4 Mi I 3 Mi M 3 0



i e a hybrid integrable system on Ao

Similar in general Itc At maximal commutative

Examples

a A Diff Q End V Diffy Q d Rf it 8919

i Assume I Hot itg g ik Mf it 9 9 0 t

symmetric

The asymptotic too of plait

it 941 t 419 t 46,0 e g

This
419 it fleet 0941 e's y atoms



where

g
i

p tin

SYg t p et q t Hf p t q t dt t f 94

499 t y t qt ait

where y It g is the solution to

0941 o Ml jihad 94.9.1 e it g

with initial condition

y't o g 4190



where alt go is the trajectory with the initial condition

1 190 go

i If we have commuting integrals

Hj the3 0

Hj HI I it Mj off
ik l in

the semiclassical asymptotic of 4 Hi tn is similar

04
4 1 i Mj1 19 t go 9 t go y t g

Gii If xx is a fixed point of the multi time



evolution

Mj Xx MK Xx 0

we have a quantum integrable system on the

fiber F xx

b spin Calogero Moser Mikami Wadati

Hn É f it 89
Ho Eth t.ESa.Ig

a s

p a Hit Im th Ey.sn i.att



The hybrid integrable system

lift Mj E Mic 0

fixed point 95 211

Mj at Haldaine Shastry model

c Spin chains

Consider the Yangian type algebra Yt with

generators organized to families Tula 3
where

R u TY un TY u TY 1ST Tutu RUYIa



where RUN u is a family of R matrices satisfying
the Yang Baxter equation and assume that they

also form a semiclassical family
RUN Iu It it 2W u t 0 t

Here 20 a corresponding classical r matrices

satifying the classical Yang Baxter equation

Consider the representation of Ya corresponding to

a spin chain

TY u RI u un Raksha un Rio u u

Here U is the auxiliary space So are parameters

of utah Ruis



of spin representations RV's u are corresponding

R matrices

Corresponding transfer matrices commute

Ecu Tra ta u teal thus o

Now let us consider the semiclassical limit to

such that si MI mi are finite In this

limit

Yu Yalu Iot it M ai

Here Io is the identity operator acting in U

talus trallaicu ri Camila vis



is the classical transfer matrix L avi are lax

operators corresponding to i th classical spin

Limca Liu 2 a us Limca Limas

and

MY a tra LY la u Lin ta ra rt a v

are corresponding M operators

Let Lta be the time for the evolution x ta

generated by t a

II Has F3

Then we have well known property of



commuting M operators for the multi time evolution

ft Mola xu Fta Mula's x H o

Thus in this case classical M operators become

the flat connection for the corresponding hybrid system

At any fixed point of the multi time evolution we

have commuting family

Mulu xx MULu's x 1 0

The Azumaya Poisson structure in this case is

trivial trivial vector bundle and trivial flat connection I



d Another example of the hybrid integrable system
was obtained in 1995 together with Bazhenov Bobenko

It is discrete S G model at roots of unity with
discrete time diagonal evolution

But that is a subject for a separate presentatio


