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Gaudin model [Gaudin’76]

Quantum spins ~S (a) =
(
S

(a)
1 ,S

(a)
2 ,S

(a)
3

)
(a = 1, . . . , r) :

[
S

(a)
A ,S

(b)
B

]
= i δab εABC S

(a)
C ,

(
~S (a)

)2
= ja(ja + 1)

Hamiltonians

H(a) = 2
r∑

b=1
b 6=a

~S (a) · ~S (b)

za − zb
:

r∑
a=1

H(a) = 0 , [H(a),H(b)] = 0
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Bethe Anzatc Equations

H(a) = 2
r∑

b=1
b 6=a

~S (a) · ~S (b)

za − zb
,

(
~S (a)

)2
= ja(ja + 1)

r∑
a=1

ja

za − x (+)
m
−

M+∑
n=1
n 6=m

1

x (+)
n − x (+)

m
= 0 (m = 1, 2, . . . , M+)

M+ = 0, 1, . . . , 2
∑r

a=1 ja.

Ea =
r∑

b=1
b 6=a

2jajb
za − zb

−
M+∑

m=1

2ja
za − x (+)

m
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Inhomogeneous sl2 spin chain in the “classical” limit

Lax operator for the inhomogeneous sl2-invariant spin chain [Kulish,

Reshetikhin., Sklyanin’82]

Ln(u) = 1 +
~
u
~Sn · ~σ =

1

u

(
u + ~S3

n ~S−n
~S+

n u − ~S3

) (
S±n = S1

n ± i S2
n

)
Monodromy matrix

M(u) = L1(u − z1) · · ·LN(u − zr ) satisfies the YB equation

Quantum determinant [Isergin, Korepin’81]

det~M = A(u − ~
2 )D(u + ~

2 )− B(u − ~
2 )C (u + ~

2 ) : [det~M(u),M(u′)] = 0

In the “classical limit”

M = 1 + ~M1 + ~2 M2 + . . . =⇒ Tr(M) = 2 + ~2 Tr
(
M2

)
+ . . .

det~M = 1 + ~2 Tr
(
M2 − 1

2 M2
1

)
+ . . .

τ (u) ≡ 1
2 Tr

(
M2

1

)
=

r∑
a=1

H(a)

u − za
+

r∑
a=1

ja(ja + 1)

(u − za)2
: [τ (u), τ (u′)] = 0
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Bethe ansatz equation

r∏
a=1

um − za − ~ ja
um − za + ~ ja

=

M+∏
n=1
ı6=m

um − un − ~
um − un + ~

~→0

−→
r∑

m=1

ja
um − za

=

M+∑
n=1
ı 6=m

1

um − un

um ≡ x (+)
m
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Relation to ODE [Gaudin’76, Sklyanin’87, E.Frenkel’04,...]

(
− ∂2

z + t0(z)
)

Ψ = 0 with t0(z) =
r∑

a=1

(
ja (ja + 1)

(z − za)2
+

Ea

z − za

)
The ODE possesses r regular singular points at z = za. If

r∑
a=1

Ea = 0

then z =∞ is also a regular singularity so that the ODE is a Fuchsian one.

If the residues {Ea}ra=1 in the potential t0(z) coincide with the set of energies
corresponding to some common eigenvector of the Hamiltonians H(a), then
all the singular points at z = za turn out to be apparent
(A singularity za is called apparent if the ratio of any two solutions of
the ODE is single valued in the vicinity of that point)

Ψ+(z) =

∏M+

m=1(z − x (+)
m )∏r

a=1(z − za)ja

is a solution of the ODE.
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Ψ+(z) =

∏M+

m=1(z − x (+)
m )∏r

a=1(z − za)ja

r∑
a=1

ja

za − x (+)
m
−

M+∑
n=1
n 6=m

1

x (+)
n − x (+)

m
= 0 (m = 1, 2, . . . , M+)

There is another linearly independent solution of the form

Ψ−(z) = z

∏M−
m=1(z − x (−)

m )∏r
a=1(z − za)ja

(
M+ + M− = 2

r∑
a=1

ja

)
.

Here the set {x (−)
m }

M−
m=1 also solves the Bethe ansatz like equations,

1

x (−)
m

+
r∑

a=1

ja

za − x (−)
m
−

M−∑
n=1
n 6=m

1

x (−)
n − x (−)

m
= 0 (m = 1, 2, . . . , M−) ,

Ea =
r∑

b=1
b 6=a

2jajb
za − zb

−
M+∑

m=1

2ja
za − x (+)

m

− 2ja
za

+
r∑

b=1
b 6=a

2jajb
za − zb

−
M−∑
m=1

2ja
za − x (−)

m
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ODE/IQFT correspondence

There is a link between the spectrum of the Gaudin Hamiltonians and
a class of differential equations possessing certain monodromy
properties. This provides one of the simplest illustrations of a broad
phenomena, known as the ODE/IQFT correspondence
[Voros’94; Dorey,Tateo’98; Bazhanov,Lukyanov,Zamolodchikov’98;...]
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The Gaudin model admits a generalization to any simple Lie algebra g
[Gaudin’83;Jurčo’89; Feigin,Frenkel,Reshetikhin’94,...]

The development of the mathematical apparatus of 2D CFT led to the idea
that there should be a meaningful generalization to the case when the
finite-dimensional Lie algebra is replaced by an Kac-Moody algebra ĝ.

The diagonalization problem would be formulated for an infinite set {Is} of
local IM which depend on the arbitrary parameters {za}ra=1:

Is =

∫ 2π

0

du

2π
Ts+1(u) : [Is , Is′ ] = 0

Ts+1 is a chiral local field of Lorentz spin s + 1.
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Affine Gaudin model [Feigin, Frenkel’07]

Consider r independent copies of the Kac-Moody ŝlka(2) algebra at levels
ka = 1, 2, . . . .

J
(a)
A (u)J

(b)
B (0) = −δab

(
ka

2u2
ηAB +

i

u
fAB

C J
(a)
C

)
+ O(1) .

To each copy one can associate the Virasoro field

G (a) =
ηABJ

(a)
A J

(a)
B

ka + 2
=

1

4 (ka + 2)

(
J

(a)
0 J

(a)
0 + 2 J

(a)
+ J

(a)
− + 2 J

(a)
− J

(a)
+

)
Hamiltonians

H
(a)
G =

1

2

∫ 2π

0

du

2π

r∑
b=1
b 6=a

kb G
(a) + ka G

(b) − 2ηABJ
(a)
A J

(b)
B

za − zb

Conjecture [FF’07]: H
(a)
G ∈ {Is} ←− infinite set of local IM

How to derive the Bethe Anzatc equations?
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Affine Gaudin model [Feigin, Frenkel’07]

Feigin and Frenkel put forward the conjecture, that the spectrum of

H
(a)
G =

1

2

∫ 2π

0

du

2π

r∑
b=1
b 6=a

kb G
(a) + ka G

(b) − 2ηABJ
(a)
A J

(b)
B

za − zb

with

J
(a)
A (u)J

(b)
B (0) = −δab

(
ka

2u2
ηAB +

i

u
fAB

C J
(a)
C

)
+ O(1)

G (a) =
ηABJ

(a)
A J

(a)
B

ka + 2
,

would be encoded in a class of differential equations though they did not explain
exactly how the spectrum would be extracted from a certain ODE.
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Generalized affine sl(2) Gaudin model [Kotousov,Lukyanov’21]

H(a)
gen =

∫ 2π

0

du

2π

[
β2K

1− β2
G (a) +

1

4K

1− β
1 + β

(
ka
(
J

(tot)
0

)2 − K J
(a)
0 J

(tot)
0

)

−
r∑

b=1
b 6=a

1

za − zb

( 1

4
(za + zb) J

(a)
0 J

(b)
0 + za J

(b)
+ J

(a)
− + zb J

(a)
+ J

(b)
− − kazb G

(b) − kbza G
(a)
)]

where

J
(tot)
0 =

r∑
a=1

J
(a)
0 and K =

r∑
a=1

ka

H
(a)
gen depend on the parameter β. The Hamiltonians of the affine Gaudin

model are obtained through a certain limiting procedure, which includes
taking β → 1−.

The ODE/IQFT correspondence for the model

The spectrum of H
(a)
gen for arbitrary β ∈ (0, 1)
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H(a)
gen =

∫ 2π

0

du

2π

[
β2K

1− β2
G (a) +

1

4K

1− β
1 + β

(
ka
(
J

(tot)
0

)2 − K J
(a)
0 J

(tot)
0

)
−

r∑
b=1
b 6=a

1

za − zb

(
1
4

(za + zb) J
(a)
0 J

(b)
0 + za J

(b)
+ J

(a)
− + zb J

(a)
+ J

(b)
− − kazb G

(b) − kbza G
(a)
)]

Gaudin Limit:

β → 1− ε
za → 1

ε + εza with ε→ 0

Affine Gaudin model Hamiltonians [Feigin, Frenkel’07]:

H(a) =
1

2

∫ 2π

0

du

2π

r∑
b=1
b 6=a

kb G
(a) + ka G

(b) − 2ηABJ
(a)
A J

(b)
B

za − zb

S. Lukyanov (Rutgers) GAGM 17 / 34



ODE for GAGM

(
− ∂2

z + tL(z) + κ2 P(z)
)

Ψ = 0

where

tL(z) = −
A2 + 1

4

z2
+

r∑
a=1

(
ja(ja + 1)

(z − za)2
+

zaγa
z(z − za)

)
+

L∑
α=1

(
2

(z − wα)2
+

wαΓα
z(z − wα)

)

P(z) = z−2+ξ
∑r

a=1ka

r∏
a=1

(z − za)ka (ξ = β2

1−β2

)
BA equations = a set of conditions that all the singularities are apparent except
for z = 0 and z =∞.
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Spectrum of H
(a)
gen in GAGM

Eigenvalues of the GAGM Hamiltonians:

E (a) =
2zaγa
ka
− 2za

L∑
β=1

1

za − wβ
− 2za

ka

r∑
b=1
b 6=a

dakb + dbka
za − zb

− 2da
ka

(
ξK − 2

)
− 2d0

Here

da =
ja(ja + 1)

ka + 2
− 1

24

3ka
ka + 2

, K =
r∑

a=1

ka ,

while

d0 = −1

8
− L−

r∑
a=1

da +
1

(1 + ξ)K

[
2L− A2 +

r∑
a=1

(
ja(ja + 1) + zaγa

)
+

L∑
α=1

wαΓα

]
(1)
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Lattice realization of the Generalized Affine Gaudin
Model?

(in the spirit of the original Gaudin construction)
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Inhomogeneous XXZ higher-spin
[Baxter’71,Kulish,Reshetikhin,Sklyanin’81,...]

T(ζ) = Tr
(

eiπkσ
z
0 L

(`1)
1 (ζ/η1) L

(`2)
2 (ζ/η2) . . . L

(`N )
N (ζ/ηN)

)

T(ζ) =

η1 η2 ηN. . .

`1 `2 `N. . .

eiπkσ
z
0

L(`)(ζ) =

 q
1
2 (1+H(`)) + q

1
2 (1−H(`)) ζ −(q − q−1) q ζ F (`)

(q − q−1)E (`) q
1
2 (1−H(`)) + q

1
2 (1+H(`)) ζ


Multiparametric integrable statistical system

T(ζ) :
[
T(ζ),T(ζ ′)

]
= 0
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Translational invariance

Translational invariance is a fundamental symmetry of a local QFT

T(ζ) = Tr
(

eiπkσ
z
0 L

(`1)
1 (ζ/η1) L

(`2)
2 (ζ/η2) . . . L

(`N )
N (ζ/ηN)

)
Impose r -site periodicity condition:

ηm+r = ηm , `m+r = `m

with N/r− an integer.

“Local” Hamiltonians

H(a) = 2iζ ∂ζ log
(
T(−q−1 ζ/ηa)

)∣∣
ζ=1

: [H(a),H(b)] = 0

For what values of the parameters is the model critical and what are the
universality classes?
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Scaling limit

For the definition of the scaling limit, a central rôle belongs to

H =
r∑

a=1

H(a) ,

which is essentially the logarithmic derivative of a r row transfer-matrix. The
ground state of this Hamiltonian serves as the reference state from which the
energy of the excited states is counted. In performing the scaling limit one
takes N →∞ but considers only the class of states, whose excitation energy
over the ground state energy is sufficiently low. Then as N →∞, the low
energy spectrum organizes into the conformal towers, which are classified
w.r.t to the algebra of (extended) conformal symmetry:

H � Ne∞1 +
2πr

N
vF
(
I1 + I1

)
+ o(N−1) .

Here

I1 =

∫ 2π

0

du

2π
T (u) , Ī1 =

∫ 2π

0

du

2π
T (u) ,
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Scaling limit [Kotousov, SL’21]

H(a) � Ne(a)
∞ 1 +

2πr

N
vF
(

I
(a)
1 + Ī

(a)
1

)
+ o(N−1) ; I

(a)
1 =

∑
b

C a
b H(b)

gen , Ī
(a)
1 = . . .

H(a)
gen =

∫ 2π

0

du

2π

[
β2K

1− β2
G (a) +

1

4K

1− β
1 + β

(
ka
(
J

(tot)
0

)2 − K J
(a)
0 J

(tot)
0

)

−
r∑

b=1
b 6=a

1

za − zb

( 1

4
(za + zb) J

(a)
0 J

(b)
0 + za J

(b)
+ J

(a)
− + zb J

(a)
+ J

(b)
− − kazb G

(b) − kbza G
(a)
)]

where

J
(tot)
0 =

r∑
a=1

J
(a)
0 and K =

r∑
a=1

ka
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Identification of the parameters

L(`)(ζ) =

 q
1
2 (1+H(`)) + q

1
2 (1−H(`)) ζ −(q − q−1) q ζ F (`)

(q − q−1)E (`) q
1
2 (1−H(`)) + q

1
2 (1+H(`)) ζ



T(ζ) =

η1 η2 ηN. . .

`1 `2 `N. . .

eiπkσ
z
0

(a) ηa+r = ηa with N = r L→∞

(b) ka = 2`a levels of ŝlka(2) (a = 1, . . . , r)

(c) q = −e
iπ
K (β2−1)

(
K =

∑r
a=1 ka

)
(d) {ηa}ra=1 7→ {za}ra=1
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Spin chain for r = 2, `1 = `2 = 1
2

q = eiγ , η1 = (η2)−1 = eiα

H |r=2 =
cos(γ)

2 sin(γ − α) sin(γ + α)

N∑
m=1

[
sin2(α)

sin(γ)

(
σx
m σ

x
m+2 + σy

m σ
y
m+2 + σz

m σ
z
m+2 − 1̂

)
−2 sin(γ)

(
cos2(α)

cos(γ)
(σx

m σ
x
m+1 + σy

m σ
y
m+1) + σz

m σ
z
m+1 − 1̂

)
− i sin2(α) (σz

m+2 − σz
m−1)

×(σx
mσ

x
m+1 + σy

mσ
y
m+1) + (−1)m sin(2α)

(
tan(γ) (σx

mσ
y
m+1 − σ

y
mσ

x
m+1)

+
i

2 cos(γ)
(σx

m σ
y
m+2 − σ

y
mσ

x
m+2)σz

m+1 −
i

2
(σx

m σ
y
m+1 − σ

y
mσ

x
m+1) (σz

m+2 − σz
m−1)

)]
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Phase diagram

r = 2 inhomogeneous XXZ spin 1
2 chain with (quasi-)periodic BC

η2J = eiα , η2J−1 = e−iα and q = eiγ

with α, γ ∈ [0, π)

A B
O

π

π

GAGM

Free boson

Free boson

“Black Hole”

γ

α

Homogeneous XXZ Heisenberg spin 1
2

chain

Line AO: [(Ikhlef), Jacobsen, Saluer

’05; ’06,’11; Frahm, Martins’12;

Candu, Ikhlef’13; Bazhanov, GK,

Koval, Lukyanov ’19,’20]

Whole BH region [Frahm, Seel’13]

Line OB: [Ikhlef, Jacobsen,

Saluer’09]

Whole GAGM region [Kotousov, SL’21]

(compact boson + 2 Majorana fermions)
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Lattice Hamiltonians η1 = η−1
2 = eiα , q = eiγ (π2 < γ ≤ π)

H(a) = 2iζ ∂ζ log
(
T(−q−1 ζ/ηa)

)∣∣
ζ=1

H ≡ H(1) + H(2) � N e∞ +
4πvF
N

(
I
(e)
1 + Ī

(e)
1

)
+ o(N−1)

with

I
(e)
1 =

∫
du (∂ϕ)2 + i

2 χ1∂χ1 + i
2 χ2∂χ2

([Ikhlef, Jacobsen, Saluer’09] for α = π
2 )

What about scaling limit of H(1) −H(2) ?
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Lattice Hamiltonians [Kotousov, SL’21]

H(a) = 2iζ ∂ζ log
(
T(−q−1 ζ/ηa)

)∣∣
ζ=1

(η1 = η−1
2 = eiα, q = eiγ)

Recall that

H(1) + H(2) � N e∞ +
4πvF
N

(
I
(e)
1 + Ī

(e)
1

)
+ o(N−1)

H(1) −H(2) � 4πvF
N

(
C1

(
I
(e)
1 − Ī

(e)
1

)
+ C2

(
I
(o)
1 − Ī

(o)
1

)
+ o(1)

)
with

I
(e)
1 =

∫ 2π

0

du
(

(∂ϕ)2 + i
2 χ1∂χ1 + i

2 χ2∂χ2

)
I
(o)
1 =

∫ 2π

0

du
(
ρχ2 ∂χ1 − iτχ2χ1∂ϕ+ iτ χ2∂χ2

)
C1, C2, ρ, τ some constants depending on the lattice parameters (α, γ)
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GAGM Hamiltonians

ŝl1(2)⊗ ŝl1(2) current algebra can be bosonized/fermionized in terms of
(ϕ, χ1, χ2). Then

I
(e)
1 = −1− β2

4β2

(
H(1)

gen + H(2)
gen

)
, I

(o)
1 =

ρ

4

(
H(1)

gen −H(2)
gen

)

I
(e)
1 =

∫ 2π

0

du
(

(∂ϕ)2 + i
2 χ1∂χ1 + i

2 χ2∂χ2

)
I
(o)
1 =

∫ 2π

0

du
(
ρχ2 ∂χ1 − iτχ2χ1∂ϕ+ iτ χ2∂χ2

)
GAGM parameters (β, z1, z2) : z1 = z−1

2 , x = 1
2 (z1 + z2) .

ρ =
1√
2

(β−1 − β) , τ = − i√
2

(β−1 − β)
x√

1− x2
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Lattice vs GAGM parameters

A B
O

π

π

GAGM

Free boson

Free boson

“Black Hole”

γ

α

Lattice parameters (q, η1, η2) : q = eiγ , η1 = η−1
2 = eiα 7→

GAGM parameters (β, z1, z2) : z1 = z−1
2 , x = 1

2 (z1 + z2)

γ =
π

2
(1 + β2) (0 < β < 1)

α =
π

2
+

1

2i(1 + ξ)
log

[
e−

iπ
2 ξ q(x) + e+ iπ

2 ξ q(−x)

e+ iπ
2 ξ q(x) + e−

iπ
2 ξ q(−x)

]
(0 < x < 1)

Here ξ = β2

1−β2 and

q(x) =
π

sin(πξ)
(1 + x) 2F1

(
1 + ξ,−ξ, 2, 1

2 (1 + x)
)
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Lattice Hamiltonians

H(1) + H(2) � N e∞ +
4πvF
N

(
I
(e)
1 + Ī

(e)
1

)
+ o(N−1)

H(1) −H(2) � 4πvF
N

(
C1

(
I
(e)
1 − Ī

(e)
1

)
+ C2

(
I
(o)
1 − Ī

(o)
1

)
+ o(1)

)

C1 =
i ξ(1 + ξ)

2π
f (x) f ′(x) , C2 =

ξ(1 + ξ)2f 2(x)

2π
√

1− x2

√
2β

with

f (x) =
√

q2(x) + q2(−x) + 2 cos(πξ) q(x) q(−x)

Here ξ = β2

1−β2 and

q(x) =
π

sin(πξ)
(1 + x) 2F1

(
1 + ξ,−ξ, 2, 1

2 (1 + x)
)
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Summary

The Generalized Affine Gaudin Model,

H(a)
gen =

∫ 2π

0

du

2π

[
β2K

1− β2
G (a) +

1

4K

1− β
1 + β

(
ka
(
J

(tot)
0

)2 − K J
(a)
0 J

(tot)
0

)
−

r∑
b=1
b 6=a

1

za − zb

( 1

4
(za + zb) J

(a)
0 J

(b)
0 + za J

(b)
+ J

(a)
− + zb J

(a)
+ J

(b)
− − kazb G

(b) − kbza G
(a)
)]

,

governs the critical behavior of the inhomogeneous higher-spin six-vertex
model. The corresponding local Boltzmann weights are contained in the
R-matrix that is the trigonometric solution of the Yang-Baxter equation with
the anisotropy parameter

q = − e
iπ
K (β2−1)

(
K =

r∑
a=1

ka , ka = 2`a
)

In the limit β → 1− the trigonometric R-matrix becomes the rational one.

The GAGM fits within the framework of the standard Yang-Baxter

integrability. The Hamiltonians H
(a)
gen are part of a large commuting family

which, as usual, involves the quantum transfer-matrices and Baxter
Q-operators.
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Application: Fedya’s approach to calculation of the
correlation functions

;

;
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Happy 65th!
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